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1. Introduction:

Background
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The neuronal axon PR e
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cell body dendrites axon (less than 1 mm to terminal branches
more than 1 min length) of axon

Figure 11-28 Molecular Biology of the Cell 5/e (© Garland Science 2008)

 Aneuron has a long thin axon acting as a “wjre”
along which electrical signals travel. ——

» Signal = progressive change in the
membrane potential.

V=V-V
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lon channels and membrane potential

/I\Ia+ Na+* Na Na+ \

Na+ Na

Nat/

open

« K channels negative membrane potential.

« Nachannels == positive membrane potential.

* One can change the membrane potential by controlling the
relative number of (open) Na and K channels.
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Opening and closing of channels

A
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membrane é mside cell % ! é

'gate

« Some channels open or close in response to membrane voltage
(channel gating).

« Membrane voltage is controlled by the channel gating.

Membrane Channel
voltage gating
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Propagation of action potential

viewatt=0
propagation

Na* channels closed inactivated open closed

membrane repolarized depolarized resting

view at t = 1 millisecond .
propagation

Na* channels closed inactivated open closed

membrane repolarized depolarized resting
Figure 11-30b Molecular Biology of the Cell 5/e {© Garland Science 2008)

 Na channels open, leading to elevated voltage

e Elevated voltage in a neighboring region leads to Na channel
opening.
J.P. Keener & J. Sneyd,
Mathematical Physiology, Springer , 1998.
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Hodgkin-Huxley model

o Va9V
™9t~ 2R 92

— foa'm.ah(i,f’ — VNa) — G'K-n'i[V —Vk)—-GL(V -V.)

T — (V)1 = m) = (V)
dn , 3 (V

a — ﬂ'n(L )(1 - ﬂ') o -J”(I' ]ﬂ,
= an(V)(1 —=h) = Br(V)h

« Through careful experimentation on squids (squid giant axon),
Hodgkin and Huxley derived a set of equations that describe action
potential propagation in 1952 (Nobel prize 1963).

Q What if we take into account
the 3D structure of the cell?
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2. 1D and 3D models

mathematical difficulty
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Hodgkin-Huxley model

v ald?V

Cop— = — | GNamh(V = Vi) — Gen*(V = Vi) = GL(V =V,
o0~ 2R 07 Nam" h( Na) Kn( K) L( L)
% = a,(V)(1 ) — B (V)
'{—).
a_? = a,(V)(1 = n) = Bu(V)n
% — o, (V)(1 = h) — Bp(V)A

FitzHugh-Nagumo model
1D cable model

( Ou | 0%
ov 3
— = au — [v
. Ot
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3D model

vV = membrane potential

(Av; =0 in <
A’Ue:O in Qe
Ovi _ ,9ve

on _  on’
\ ve(z) = 0 as |z| = oo

= vV=v; —ve ONT

ov (%7;
a—f(’l),w)——a—n on 1l
ow _ (v,w) onT
| 5 = 9(vw :
s
% = —Nv—+ f(v,w)
9
8_11): (v, w)
Lot N

Qex‘c

['(membrane) ¢ t

\ To determine
V;, Vo from v.

To determine the
evolution of v, w.

/\:vl—>%
on

Equationon I
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The operator A

Assume o =1

(A)(@) = | K(z,y)u(y)ds,

1

K(xz,y) =

pseudo-differential operator

(—nx-ny—|—3(nx-f) (ny-f)) , T =

% = —Av+ f(v,w)
<

8_w: (v, w)

Lot TN

Qext

['(membrane) it

(non-local operator)

pseudo-differential
equationon I
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Hodgkin-Huxley, FitzHugh-Nagumo

1D Cable model 3D Cable model

( Ov 0% ( Ov
= — = —-Nv+ :

) ot o2 T/ (0w ) ot v+ flv,w)
ow _ ow _ (v, w)

|5 = 9(ww) Lo 9w

—
_\- e |

GOAL | 1. To prove well-posedness of the 3D model (existence
local in time, uniqueness).

2. To prove uniform bounds and global existence.
3. Asymptotic smoothing

4. Small diameter limit. (3D = 1D ?)
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Reason for difficulty in the 3D model

v 9%v Ov
= 1 e _/\ 9
o ~ o2 [P /0w ot vt o w)
maximum principle No maximum principle
(in general)
positivity preservation positivity not

necessarily preserved

exceptwhen [ is
close to a sphere

]
Yes No

u >0, u(zg) =0 = u'(zq) >0

u(x,t)

8
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Effect of the shape of I s,
P % — Aol f(v,w)
ot
A\ positive operator A not positive
. NN T
The lines of electric force of each The lines of electric force of
dipole on I intersect I' only once. some dipole intersects I

more than once.
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Classical method of “invariant rectangle”

FitzHugh-Nagumo

»

Based on the
maximum principle

av —

N

(9 820 f(v) —yw =20
) a—@ﬂ‘f(v)_')/w \
ow 3
— — U — pw
. Ot
Solution confined in the rectangle
1y
Uniform bound
1y

Global existence

Mimura 1976 Rauch-Smoller 1978

This argument does not
work for the 3D model !

V4

\
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3. Quasi-positivity principle

H

B 14 R
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Quasi-positivity BRIEfETE

K: compact set, L: C(K) — R densely defined, domain 2D(L)

Def. 1 (positivity)

u(x)
vue D(L), u=0, ulx)=0 (Lu) (X)) = O W

The semigroup ett preserves positivity. o

Z—f‘; = Lu, uw(0) =ug >0 = u(t):=elug>o0.
u(x)
Def. 2 (quasi-positivity) F;J
L =P— B, 3P: positive, °B: bounded ;ﬁ "
B(L) :=inf || Bllox) “non-positivity index”

L . positive & B(L)=0
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Estimate of the non-positivity index 5(—A) | GEEfE#E$)

Q) e
N\ positive min

ellipsoid

o)

AT
-
g@

7

© v
B(—=N) >0

i

TN

torus

In general, B(—al) = a1 B(—=NA) (a>0)
The bigger the size of the cell, the smaller the non-positivity index.
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Proposition. —A is quasi-positive on C(I").

1D model 3D model
[ Ov  O% ( OJv
vv_ov T — A
) ot ooz T w) ) ot vt Sl
ow _ (v, w) o _ (v, w)
L 8t — 9 ’ \ (915 —J ,
\/ - N
o) o f(-M) Pv
_I t v= —M J % v=—-M
o
Bv
fEM) 20 = v -M F=M) 2 BN o]l = vz —M
| ays _ys
uniform bound uniform bound
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4. Uniform bounds and global
existence
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3D model v(x)
f(-M) Pv
@Z—/\v—l—f(v,w) J v=—-M

]
ot
ow 3
— = g(v,w)
. Ot F(=M) > BN)|lv|| = v>-M
a

uniform bound

3D FitzHugh-Nagumo

([ Ou
= _A _ _
] Ot ut flu) = The above argument gives
v _ o — B — uniform bound of the solution.
. Ot

f(s)/s = —oo (s — £to0)

f Is superliner in the negative direction
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Hodgkin-Huxley

1% a 0%V

C— = —  GNam h(V = Vi) — Grn* (V — Vi) — GL(V -V
91 ~ 2R 0:2 Nam h( Na) — Ggn( K)— GL( L)
% = 0, (V)(1 —m) — B (V)m
dn i P
E = a,(V)(1 =n)— G.(V)n
% — ap(V)(1 = h) = Bn(V)h

The kinetics not superliner but Lipschitz

Standard a priori estimates | —> uniform bounds

Standard a priori estimates — cell-size independent

+ Quasi-positivity uniform bounds
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Modified invariant rectangle method

3D FitzHugh-Nagumo

(Y v () — \

ot
ow

\ ot

= av — pw

The vector field points inward
“strongly enough” along the

boundary of the rectangle

gt

Boundedness
of the solution

a

Time-global
existence

\
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5. Asymptotic smoothing effect
and the global attractor
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3D model Note: A has a smoothing effect.

([ Ov But there is no immediate
5 —Av + f(v,w) smoothing for w.
| o
7Y — g(v, w) Therefore the smoothing effect
\ Ot for v is also limited.

Nonetheless, we have:

gw < 0O :> Asymptotic smoothing for both v and w.

Consequently, for both HH and FHN systems,
the global attractor consists of C* functions.

Bootstrap in the
) w limit set

Full regularity

partial smoothing

partial regularity

w limit set
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6. Equations on an infinite cylinder
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Equations on an infinite cylinder
1D Cable model 3D Cable model
([ Ov 52w ( Ov
= — = —-Nv+ f(v,w
ow _ ow _ (v, w)
\a—g(v,w) \at—g ;
-
\=
. —
— @ RN )
GOAL 1. To prove well-posedness of the 3D model.

2. To prove uniform bounds and global existence.
3. Existence and stability of traveling waves.

4. Small diameter limit. (3D = 1D ?)
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r
Well-posendess
radius R ﬂ() )
Idea > L
. v :
1. To show that the principal part of 9 —Av generates an analytic

semigroup on a suitable function space.

2. For that purpose we use coordinates (x, ) and Fourier decomposition
ov,,

&,"Qt Zvna:t ind W:_Anvn (?120,1,2,...)
3. In order to study An, we use Fourier transformin = .

Ao(@) = — F 1M, (RIENF v()

R2
Estimate by modified Bessel functions

e~y = F lexp (-t R2M,(RIE]))Fu
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Comparison with

Laplacian radius R ﬂ() )
A= 8325‘ + R—Qag » U
Fourier decompositionin 8 v(z,0,t) = Z on(z,t) €™
n=0
8’0 a,v
—n:Ann:: 2_ —2_ 2 ) Y% _
ot v (8.1: R n )UL ot Anvn
~Anv(z) = FHIEP + g F o(@) | | Anv(z) = FH (B Mo (RIED) F v(z)
n*/R?
¢ ¢

All A, satisfy comparison principle

/

Only —Aq satisfies comparison

principle
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Comparison with

Laplacian

A=07+R

Fourier decompostion in 6

radius R ﬂ()

&

oo

v(zx,0,t) = Z vp (,1) ™Y

n=>0

ov ov

—n:Ann:: ,2— ~2p? n — =

5 v (0; — R™“n)v 5 Anvy
—Anv(@) = FHIEPR + 2\ F () || Anv(x) = F (R M (RIE))) F v(z)

n*/R?
§ ) §
B Convergence
Ao = Ao (B —0) to 1D model
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Problems yet to be solved

dynamics on the cylinder O )

® Traveling waves in 3D Allen-Cahn eq. (stability analysis)
® Traveling waves in 3D FitzHugh-Nagumo (existence and stability)

® Study the effect of geometry (of the cross-section) on the behavior
of TWSs (the existence, speed, etc).

® Study the case of many parallel cylinders: What kind of mutual
Interactions occur? (Ephaptic coupling.)

o = )
5 == )
o = )
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